Abstract: Nonlocal and quantum effects play an important role in accurately modeling the optical response of nanometer-sized metallic nanoparticles. These effects cannot be described by conventional classical theories, as they neglect essential microscopic details. Quantum hydrodynamic theory (QHT) has emerged as an excellent tool to correctly predict the nonlocal and quantum effects by taking into account the spatial dependence of the charge density. In this article, we used a QHT to investigate the impact of nonlocality and electron spill-out on the plasmonic behavior of spherical Na and Au nanoshells. We adopted a self-consistent way to compute the equilibrium charge density. The results predicted by QHT were compared with those obtained with the local response approximation (LRA) and the Thomas-Fermi hydrodynamic theory (TFHT). We found that nonlocal effects have a strong impact on both the near-and far-field optical properties of nanoshells, in particular, for the antibonding resonant mode. We also investigated the optical response of these systems for different thicknesses of the shell, both for Na and Au metals.
Introduction
Electromagnetic wave interaction with metallic nanostructures shows distinctive properties resulting from the coupling of the incident light with the conduction electrons of the metal. The collective excitation of the conduction electrons is known as surface plasmon. Plasmon behavior of a metallic particle intrinsically depends on its shape and size, and a wise design can allow the ability to engineer optical signals at nanometer scale. Probing optical properties of metallic nanoparticles with different shapes and sizes has been a topic of significant experimental and theoretical interest [1] [2] [3] [4] [5] . When the geometric dimension of metallic particles is very small or the separation between extended structures is on the sub-nanometric scale, electromagnetic interactions cannot be accurately described in the framework of classical electrodynamics, that is, the local response approximation (LRA). In fact, in such systems, quantum mechanical effects, such as electron screening, spill-out, quantum tunneling, and size-dependent plasmon broadening, become important and cannot be captured by conventional local theories [6] [7] [8] [9] [10] [11] [12] [13] . A common way to describe these nonlocal effects is by using ab initio approaches, such as time-dependent density functional theory (TDDFT) [14] , however, this method can only deal with small size particles (a few nm in size) and its applicability to larger systems is hindered by the fact that the computational cost increases cubically with the number of electrons. To deal with the strongly-coupled multiscale plasmonic systems, many theoretical methods under different level of approximations have been proposed in the literature [15] [16] [17] [18] [19] [20] [21] [22] , among which quantum hydrodynamic theory (QHT) is very promising, as it can incorporate a wide range of effects, including quantum tunneling without neglecting retardation effects. Moreover, this method can also be extended to study full nonlinear electron dynamics [20] [21] [22] . Recently, QHT has been applied to study optical properties of spherical nanomatryoshkas (core-shell nanostructures), and an excellent agreement with the microscopic calculations has been shown [23] .
In this article, we will investigate nanometric metallic shell systems. Nanoshells are nanostructures offering very high tunability of plasmon resonances over a wide range of frequencies in the visible and infrared portion of the spectrum, a frequency regime of great interest for optical applications [24] [25] [26] . Metallic nanoshells consist of a dielectric core surrounded by a metal layer, usually gold or silver, such that their optical response is dramatically different from that of a solid metallic sphere [27, 28] . Nanoshell structures exhibit two plasmon resonances, which can be seen as symmetric and antisymmetric coupling of plasmons supported by individual constituents, i.e., bare cavity and solid sphere [29, 30] . These hybridized plasmon modes are also known as bonding (symmetric) and antibonding (antisymmetric) modes. Optical properties of nanoshells are determined by the plasmon resonances, which are very sensitive function of shell thickness. Due to very high tunability of the plasmon modes, nanoshell structures have attracted considerable attention and are very useful in many potential applications particularly in enhanced optical absorption [31] , biosensing [32, 33] , surface-enhanced Raman scattering [34] [35] [36] , biological analysis, and cancer therapy [37] [38] [39] .
In this paper, we will relate our study of the nonlocal optical properties of Na and Au nanoshells with sub-nanometer shell thickness by using the state-of-the art quantum hydrodynamic theory and comparison of the results with LRA and Thomas-Fermi hydrodynamic theory (TFHT).
Quantum Hydrodynamic Theory
QHT equation of motion of an electronic system when coupled to Maxwell equations results in the following system of equations in frequency domain Reference [22] :
where E and P represent the electric field and the polarization, respectively; µ 0 is the magnetic permeability, c is the speed of light in free-space, ω is the angular frequency, and ε ∞ is a local contribution to the permittivity of core electrons. n 0 (r) is the spatially dependent equilibrium charge density, γ is the phenomenological damping rate, and e and m indicate the electron charge and electron mass, respectively. G[n] is the energy functional containing the total internal energy of the system and can be written as:
where T TF represents the kinetic energy in the Thomas-Fermi (TF) approximation and T vW is the von Weizsäcker kinetic energy functional, a gradient dependent correction term added to the TF kinetic energy and E xc indicates the exchange and correlation (XC) potential energy. σ (kxc) in Equation (2) is the viscoelastic kinetic-exchange-correlation tensor; it takes into account the nonlocal broadening of the plasmon energies [22] .
is then the first-order term of the potential obtained by using the usual perturbation theory, considering n = n 0 + n 1 , with n 0 the unperturbed equilibrium density and n 1 = ∇ · P/e the first-order perturbation (linear term) of the charge density. Explicit mathematical expressions of the terms in Equation (2) have been presented in Reference [21, 22] . If we neglect the viscoelastic term and the XC and von Weizsäcker energy functional in Equation (3), and assume a constant equilibrium charge density, i.e., n 0 (r) = n 0 , Equation (3) reduces to the standard TFHT approximation. In this scenario, the first term in Equation (2) reduces to β 2 ∇(∇ · P) where the term β takes into account the electron pressure.
Under plane wave excitation, we solve Equations (1) and (2) for the vector fields E and P, which are further used to compute optical properties of the plasmonic nanoshells. It is important to remark, from a numerical point of view, that we solve Equation (2) only in the region of interest, i.e., a region containing the nanoshell. Far enough (∼30 a 0 , with a 0 being the Bohr radius) from the ion edge, where the equilibrium density, and hence, P is practically zero (although not exactly since the electron density decays exponentially), we impose P = 0. For numerical simulations, we used commercial software COMSOL Multiphysics [40] , which allows a flexible implementation of Equation (1), (2) . To ease the computational efforts in terms of memory and processing time, we exploited the symmetry of the geometry and used the so-called 2.5D technique for numerical simulations [41] . This method requires all fields to be written in terms of an azimuthal mode number m, such that a vector field v can be written as:
, where m ∈ Z. The advantage of this method is that an initially three-dimensional problem reduces to a few (2m max + 1) two-dimensional problems. For sub-wavelength structures, m max < 3 is usually enough to accurately describe the problem.
Geometry of the Problem
We investigated the optical response of Na and Au spherical nanoshells with inner radius R 1 , outer radius R 2 , and shell thickness defined as t s = R 2 − R 1 , as shown in Figure 1 . Plasmon modes of the nanoshell strongly depend on the shell thickness, dielectric constant of the core, and embedding medium [42] . For simplicity, we assume that the core and embedding medium is vacuum. It is interesting to notice that, in case of LRA (i.e., G[n] = σ (kxc) = 0), Equation (1), (2) reduce to the Drude dielectric function of the form:
where ω p = e 2 n 0 /(m e ε 0 ). In the following, we take ε ∞ = 1 and γ = 0.16 eV for Na, and ε ∞ = 8 and γ = 0.135 for Au [23] .
The nonlocal pressure term β defined in the TFHT can be expressed as: β = √ 3/5v F , with v F being the Fermi velocity of the electron where we take v F = 0.82 × 10 6 m/s for Na and v F = 1.39 × 10 6 m/s for Au. For the QHT case, we modeled the nanoshells with Jellium approximation [43, 44] , in which a uniform background positive charge n + = (r 3 s 4π/3) −1 confines electrons in the metal; where r s is the Wigner-Seitz radius that is r s = 3 a 0 for Au and r s = 4 a 0 for Na. We compute the equilibrium electron density self-consistently by using the following nonlinear differential Equation [22] ,
where ε 0 is the permittivity of the free-space. Equation (5) is obtained by combining the zero-th order QHT equation and the Poisson equation for the electrostatic potential [22] . The space-dependence of the ground-state density n 0 (r) is very crucial in characterizing the optical response of nanoplasmonic systems. In order to compute the unperturbed electron density n 0 (r) of the nanoshells, we considered the following expression as an initial guess (similar to Reference [21] for spheres and to Reference [23] for spherical nanomatryoshkas):
where r indicates the distance from the center of the nanoshell and κ 1 and κ 2 represent the asymptotic decay of the electron density from the inner and outer surfaces of the shell, respectively. The solution is then found by solving Equation (5) iteratively.
Numerical Results and Discussion
This section presents numerical results for Na and Au nanoshells. Optical response of noble metals such as gold or silver could be complicated to analyze due to interband transitions. Therefore, we first perform simulations for Na, which is a simple Drude-like material and then extrapolate the understanding to analyze the behavior of Au nanoshell. Na is also interesting to study in a sense that it has lower work function and the spill-out is more pronounced as the electrons are more relaxed at the surface [23] . We take the nanostructure with a fixed vacuum core R 1 = 2 nm and different shell thicknesses, t s , ranging from 0.5 nm to 10 nm placed in vacuum. A systematic comparison between local, TFHT and QHT approximations is shown. We consider a plane-wave excitation incident on the nanoparticle.
Na Nanoshell
Absorption spectra for Na nanoshell with t s = 0.5 nm (R 1 = 2 nm, R 2 = 2.5 nm) computed using different approaches are shown in Figure 2a . It can be clearly seen that for this particular geometrical parameters, the two plasmon modes supported by nanoparticle are well separated in all three cases. In fact, for a nanoshell, the hybridization of the plasmon modes and splitting between them depend upon the shell thickness. It has been shown that according to classical electrodynamics, if the shell thickness is very small, the cavity and sphere plasmons have a strong interaction and the resulting hybridized modes supported by the shell structure are very well-separated. However, by increasing the shell thickness and eventually increasing the metal content of the shell, the bonding mode occurring at the lower energy takes a blue shift and the antibonding mode occurring at higher energy moves towards the red side of the spectrum [45, 46] . Figure 2a , depicting the absorption spectra for Na nanoshell, shows that the local response theory predicts lower energy (bonding) mode, resulting from the symmetric coupling of sphere-cavity modes, at 2.07 eV and higher energy (antibonding) mode, resulting from the antisymmetric coupling, at 5.51 eV. In Thomas-Fermi approximation, the low-energy mode (LEM) is slightly blue shifted by 0.07 eV (at 2.14 eV) while the high-energy mode (HEM) shows relatively large shift by 1.03 eV (at 6.54 eV) towards higher energies with respect to LRA. QHT predicts LEM at 2.12 eV slightly blue shifted with respect to LRA and red shifted with respect to TFHT while a fairly large red shift for the HEM (at 4.89 eV) as compared to both LRA and TFHT.
The shift in the plasmon resonances given by the TFHT and QHT with respect to LRA is due to nonlocal effects. Time-dependent DFT calculations reported in the literature [47] have shown that, due to quantum mechanical effects, the plasmon resonance of Na nanostructures undergoes a red shift, which is associated with the electron spill-out from the metal surface into the free space [20] [21] [22] [23] 47] . On the contrary, the TFHT predicts a blue shift with respect to the LRA in the plasmon energies of Na nanoparticles which comes from the presence of the electron pressure, that is, the induced charges are pushed inwards into the bulk metal [48] . TFHT, however, overlooks the essential quantum effects such as electron spill-out and tunneling. The shifts in the plasmon resonances in the case of nanoshell can also be elaborated in terms of the effective size of the nanoparticle [48] . In QHT, due to electron spill-out, the effective size or thickness of the nanoshell looks larger than its physical thickness which causes the LEM to move towards higher energy and the HEM to the lower energy with respect to LRA. For the case of TFHT which overlooks the spill-out and takes into account the electron pressure, the effective thickness of the nanoshell becomes smaller than the physical thickness resulting in a blue shift in the surface plasmon modes with respect to LRA. We note that the nonlocal or quantum effects strongly influence the antibonding mode as compared to the bonding mode. Electric field distribution for the Na nanoshell discussed above is depicted in Figure 2b both at lower and higher energy modes at the corresponding resonance frequencies. The electric distribution and enhancement directly depend on the electron confinement and spill-out, reiterating that these quantities show substantial dependence on the charge density profile. It can be noticed that the electric field enhancement given by QHT is much lower than the LRA and TFHT approximations. Since LRA and TFHT assume that the electrons cannot escape the metal surface, therefore, the field is discontinuous at the metal boundaries. The effect of electron pressure in the TFHT case can also be seen whereas QHT shows a continuous field distribution as it takes into account the space dependence of the electron density.
In the following, we discuss the ground-state and induced charge density for the Na nanoshell. It has been reported previously for sphere [22] and core-shell nanostructures [23] that equilibrium and induced charge density calculated within QHT shows a good agreement with the TD-DFT results. Despite the fact that QHT does not fully incorporate the wave nature of electrons due to approximate energy functional and consequently neglecting the quantum (Friedel) oscillations inside the metal, however, it describes the charge density with a high accuracy near the metal surface, which is the region of utmost interest. The ground-state density is obtained by solving Equation (5) self-consistently and the induced-charge density n 1 = ∇ · P/e. The real and imaginary parts of the induced charge density along with the equilibrium density at lower and higher energy modes are shown in Figure 3a ,b, respectively. The shaded grey area represents the metal region and the insets show the color maps for real and imaginary parts. A prominent spill-out from the metal boundaries can be clearly seen and this nonlocal spill-out can be very crucial and directly influences the far-field optical properties, as was seen in Figure 2 . Re ( 1 ) Im ( 1 ) Re ( 1 ) Im ( 1 ) Re ( 1 ) Im ( Since the thickness of the shell considered in Figure 3 is very small t s = 0.5 nm, the charge density is nowhere flat due to significant spill-out. In Figure 4a , we report equilibrium and induced charge density for Na nanoshell with shell thickness t s = 3 nm (R 1 = 2 nm and R 2 = 5 nm). In this case, the equilibrium charge density is constant inside the metal except near the metal interfaces where a considerable spill-in and spill-out from the metal surfaces can be observed. The two oscillations in the ground-state density inside the metal near the interfaces are reminiscent of Friedel oscillations. Figure 5a-c shows absorption spectra for Na nanoshell for various shell thicknesses while keeping the core radius constant. We report a systematic comparison between the LRA, TFHT, and QHT approximations. For small shell thicknesses, the plasmon resonances are well-separated. When the shell thickness is increased, as we discussed in the first paragraph of this section, LRA shows that the LEM moves towards higher energy while the HEM mode moves in the opposite direction, i.e., towards lower energies. The shift in LEM with increasing thickness is much higher than the HEM, as can be seen in Figure 5a . A similar behavior is predicted by the TFHT with increasing shell thickness, however, with reference to LRA it shows a blue shift for both plasmon modes. The shift is strong for the HEM as compared to LEM particularly for smaller shell thicknesses. According to QHT, as the shell thickness grows the LEM mode shifts towards higher energies and the HEM diminishes abruptly. It is worthy to note that the nonlocal or quantum effects influence the HEM in a dramatic manner. Even for a slight increase in the shell thickness, the amplitude of the LEM decreases very rapidly and the mode completely disappears for t s ≥ 2 nm. This can be explained in the following: according to the classical theory, when the shell thickness is increased the interaction between cavity and sphere plasmons gets weaker, thus, decreasing the strength of antibonding mode. When the shell is sufficiently thick, the cavity resonance is not excited by the incident field and the shell behaves like a solid sphere. For the QHT case, we can say that even for the relatively smaller shell thickness, the antibonding mode disappears because of the effective size of the shell appears relatively bigger due to spill-out effect which weakens the cavity mode and the nonlocal broadening causes significant damping. Moreover, the viscoelastic tensor introduces an extra broadening that further damps the antibonding mode. We know that the nonlocal effects have a strong impact on the antibonding mode (HEM) and a little on the bonding mode (LEM). Since this slight shift in the LEM due to nonlocal effects predicted by TFHT and QHT methods as compared to LRA is not very clear in Figure 5a , therefore, in the following we present a comparison of plasmon energies at this mode for the aforesaid approaches. Figure 6a shows the resonance energies at the LEM for Na nanoshell as a function of shell thickness predicted by different approaches. For smaller thickness, QHT predicts a slight blue shift with respect to LRA and red shift with respect to TFHT. We can see that for higher shell thickness QHT and LRA matches well whereas TFHT shows a slight blue shift. 
Au Nanoshell
Now we consider Au nanoshell to analyze the nonlocal optical properties for various shell thicknesses using different techniques. We conduct a similar study as presented in the previous part of this section. However, Au cannot be described by simple Drude model and the electron response of Au is somewhat complicated as compared to Na, due to the contribution of the d-band electron transitions and background core permittivity ε ∞ . The absorption spectra for Au nanoshell with 0.5 nm shell thickness computed within LRA, TFHT, and QHT methods are shown in Figure 7a . It has been shown in Reference [45] within the framework of local response theory that the presence of ε ∞ produces a strong red shift in the antibonding (HEM) mode. This is why we see in Figure 7a that the two plasmon modes given by LRA are not very well-separated as much as was seen in the case of Na nanoshell because the HEM is pushed to lower energies due to the presence of background core charges. If we neglect the contribution from the core charges (ε ∞ = 1), the antibonding mode will get a strong shift to the higher energies. Nonlocal optical properites of nanoshell structures have been extensively studied in the literature within the framework of TFHT and the shift of both plasmon modes of a nanoshell towards higher energies as compared to local description has already been reported [49] [50] [51] [52] . It has also been shown that TFHT predicts a strong blue shift for the antibonding mode with respect to LRA [53, 54] . Figure 7a displays that the TFHT predicts a little blue shift for the LEM and a very large blue shift for the HEM with respect to LRA in the spectrum of the nanoshell. The QHT predicts that the LEM is more or less at the same energy as given by LRA whereas the HEM is blue shifted with respect to LRA and red shifted with respect to TFHT. This blue shift in the plasmon resonance is associated with the optical interband transitions in the noble metals, as seen in several nanostructures of different configurations [6] [7] [8] . The electric field distribution predicted by different theories for Au nanoshell with shell thickness 0.5 nm both at LEM and HEM at the corresponding resonance frequency is shown in Figure 7b . It is interesting to notice that differently form Na nanoshells, this time also in the QHT case the fields are discontinuous at the metal boundaries and the LEM shows a strong field near the metal surface. These effects are due to a non-zero contribution of the local polarizability contribution given by core electrons and described through ε ∞ . Figure 8 plots the induced charge density along with the ground-state density at LEM and HEM for Au nanoshell with 0.5 nm shell thickness. Let us recall that the equilibrium charge density is computed by using Equation (5) and the induced-charge density by the relation n 1 = ∇ · P/e . The color-map plots for the real and imaginary parts of induce charge density are shown in the insets and the shaded grey regions represent the metal. As the shell thickness is very small (0.5 nm), again in this case, the charge density is nowhere flat and a significant spill-out from the metal surfaces of the shell can be noted. The equilibrium and induced charge density for Au nanoshell with t s = 3 nm (R 1 = 2 nm and R 2 = 5 nm) at the corresponding resonance is shown in Figure 4b . As the metal content in this case is relatively large, therefore, the equilibrium density is constant inside the bulk region and a considerable electron spill-out from the metal surfaces into free-space can be seen. Now we study the optical behavior of the nanoshell for increasing shell thickness while keeping the core radius constant. The absorption spectra for Au nanoshell for various shell thicknesses are shown in Figure 5d -f. LRA results show that as the shell thickness increases the LEM undergoes towards higher energies and the HEM moves slightly to lower energies. The coupling between cavity plasmons and sphere plasmons decreases as the thickness increases. For larger shell thickness the LEM and HEM overlap resulting into a single plasmon resonance and it happens when t s > 5 nm, where no cavity plasmons are excited and the nanoshell acts as a solid sphere. The TFHT shows a strong blueshift for the HEM with respect to local calculations and with increasing shell thickness this mode abruptly shifts to the lower energy and finally coincide completely with the LEM for t s > 5 nm. In case of QHT, we see that the HEM disappears much faster as compared to other methods and it vanishes entirely for t s > 1 nm due to nonlocal or quantum effects.
As we saw in the case of Na nanoshell that nonlocal effects substantially influence the antibonding plasmon mode; similarly, for the case of Au, HEM is strongly affected whereas the impact of nonlocal effects on the LEM is minor. In order to show to the reader more clearly the trend of this shift predicted by different methods, we plot in Figure 6b the resonance energies at the LEM for Au nanoshell as a function of shell thickness. QHT predicts the plasmon resonance almost at the same energy as given by LRA, whereas, TFHT shows a blue shift with respect to QHT and LRA.
Conclusions
In this paper, we presented a numerical analysis of nonlocal optical properties of Na and Au nanoshells for various shell thicknesses. We used state-of-the-art quantum hydrodynamic theory to study nonlocal effects in these nanostructures and compared this approach systematically with the local response and Thomas-Fermi approximations both for Na and Au metals. We noted that QHT predicts a significant electron spill-out from the metal surfaces and this nonlocal spill-out has a strong impact particularly on the antibonding resonant mode (HEM). The HEM shows a noteworthy red shift for Na nanoshell and blue shift for Au nanoshell as compared to local response theory. Therefore, it is very important to take into account these quantum effects in properly designing metallic nanoshells with specific plasmon energies and in accurately describing their near-field as well as far-field plasmonic response.
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